Denote by T n the set of trees on n vertices. Zhang and Li [X.D. Zang, J.S. Li, The two largest eigenvalues of Laplacian matrices of trees (in Chinese), J. China Univ. Sci. Technol. 28 (1998) 513-518] and Guo [J.M. Guo, On the Laplacian spectral radius of a tree, Linear Algebra Appl. 368 (2003) 379-385] give the first four trees in T n , ordered according to their Laplacian spectral radii. In this paper, we determine the fifth to eighth trees in the above ordering.
Introduction
Let G = (V , E) be a simple undirected graph on n vertices. For v ∈ V , the degree of v, written by d (v) , is the number of edges incident with v. Let A(G) be the ୋ This work is partially supported by National Natural Science Foundation of China. Theorems 1.1-1. 4 give the first four trees in T n , ordered according to their Laplacian spectral radii. In this paper, we refined the above results and determine the fifth to eighth trees in the above ordering.
Lemmas and results
Lemma 2.1 [1] . Let G be a graph. Then λ 1 (G) max{d(u) + d(v) : uv ∈ E(G)}. [2] . If G is a graph with at least one edge, then
Lemma 2.2
λ 1 (G) max{d(v) : v ∈ V (G)} + 1.
For a connected graph on n > 1 vertices, equality holds if and only if max{d(v) :
v ∈ V (G)} = n − 1.
Lemma 2.3 [3]. Let T be a tree on n vertices with α (T ) = m. Then λ 1 (T ) λ 1 (T (n, m)), where λ 1 (T (n, m)) is the largest root of the equation x
3 − (n − m + 4)x 2 + (3n − 3m + 4)x − n = 0. Fig. 2(a) ).
Equality holds if and only if T ∼ = T (n, m) (see
Noting that the Laplacian spectral radius of G is the largest root of the equation p(G; x) = 0, we have p(G; x) > 0 for all x > λ 1 (G). Then we immediately get the following elementary but useful result. (i) If e = uv is an edge on an internal path of T and T is obtained from T by contracting uv, i.e., identifying vertices u and v in T − uv, we say that T is obtained from T by Operation I. (ii) If T is obtained from T by connecting a new vertex v with some vertex of T by an edge, we say that T is obtained from T by Operation II. (iii) If uv is a nonpendant edge of T and T is obtained from T by contracting uv into a new vertex w and attaching a pendant edge to w, we say that T is obtained from T by Operation III.
Lemma 2.5
(2) Denote by T * k,l (u) the tree obtained from a tree T * by attaching paths of length k and l at a vertex u.
Proof. (1) and (2) have been shown in [8] .
Let T be a tree obtained from T by contracting a nonpendant edge uv into a new vertex w and attaching a pendant edge to w. If uv is an edge on an internal path of T , then (3) holds immediately by (1) . Otherwise, we can assume that uv is a nonpendant edge of the pendant path
According to the number of the nonpendant edges in a tree, we give a partition of trees in T n as follows:
where T i n = {T |T ∈ T n , and there exists exactly i nonpendant edges in T }. Obviously, T 0 n and T n−3 n contain only K 1,n−1 and P n , the path on n vertices, respectively. It is easy to see that any tree T ∈ T i n (1 i n − 3) can be transformed into a tree in T j n (j < i) by carrying out Operation III repeatedly. and
). The set T and P l 1 ,l 2 ,l 3 ,l 4 4 , where q 0 + q 1 + q 2 + q 3 = n − 4, q 0 0, q 3 q 2 q 1 1 and
Guo showed the following two results in [3] .
Lemma 2.6 [3] .
Lemma 2.7 [3] .
Hence, we have
and
, where x , x denote the largest integer not greater than x and the smallest integer no less than x, respectively. Now we begin to show our results.
Lemma 2.8. Let T be a tree in T n (n 7), and
where
) is the largest root of the equation
, and equality holds if and only if
.
Proof.
By an elementary calculation, we have
Let T be a tree in T n (n 7), and
n , we distinguish the following two cases:
, it follows that λ 1 (T ) λ 1 , which implies that q 2 2. By Lemmas 2.1 and 2.2, we have . If l 2 = l 3 = 0 and l 4 l 1 2, by Lemmas 2.1 and 2.2, we have and T * * = K 1,n−6 . Let u be the vertex of T * with degree n − 6 and v be the vertex of T * * with degree n − 6. By Lemma 2.5(2), we have (see Fig. 6 ), we have
).
(S1)
Finally, we consider the cases when l 2 = 0, ). Thus, in the following proof, we assume that l 4 2.
(1) l 2 = 0, l 3 / = 0. When l 1 2, by Lemmas 2.1 and 2.2, we have
When l 1 = 1, we have T ∼ = P 1,0,l 3 ,l 4 4 . Note that l 4 2. It is easy to see that P 1,0,l 3 ,l 4 4 can be transformed into P 1,0,0,n− 5 4 by Operations I and II (see Fig. 7 ). By Lemma 2.5 and (S1), λ 1 (P 4 2, by Lemmas 2.1 and 2.2, we have 
). This completes the proof of Lemma 2.8.
), where
and equality holds if and only if
Proof. By an elementary calculation, we have
Recall that λ 1 (P
1,0,n−4 3
) is the largest root of the equation ), we have l 3 2. Thus P 1,l 2 ,l 3 3 can be transformed into P 1,0,n− 4 3 by Operations I and II (see Fig. 8 ) and λ 1 
) by Lemma 2.5. ), where λ 1 (P 1,n−6, 2 3 ) is the largest root of the equation
and equality holds if and only if T ∼ = P 1,n−6,2 3
Proof.
} and n 9. If l 2 = 0, then λ 1 (T )
) by Lemma 2.7 and T P 1,0,n−4 3
. Since n 9, P 2,0,n− 5 3 can be transformed into P 1,n−6, 2 3 by Operations I and II (see Fig. 9 ). By Lemma 2.5,
). Thus in the following proof, we will assume that l 2 / = 0 and distinguish the following three cases: Case 1. l 3 l 1 3. By Lemmas 2.1 and 2.2, λ 1 (P 1,n−6,2 3
) > (n − 4) + 1 l 2 + l 3 + 3 λ 1 (T ). Case 2. l 1 = 2, i.e., T ∼ = P 2,l 2 ,l 3 3 . Since l 3 l 1 , we have T P 1,n−6,2 3
. Thus P 2,l 2 ,l 3 3 can be transformed into P 1,n−6, 2 3 by Operations I and II (see Fig. 10 ) and then λ 1 (P 2,l 2 ,l 3 3
) by Lemma 2.5.
Case 3. l 1 = 1, i.e., T ∼ = P 1,l 2 ,l 3 3 . By an elementary calculation, we have
where In particular,
We have e(
) > n − 3 6. Hence, by Lemma 2.4, we have
Now we just need to show that λ 1 
(l 2 / = 0) and
. By an elementary calculation,
, we have that 3 l 3 n − 6 and then λ 1 
( * ) By Theorem 1.1, we have λ 1 (P 1,1,n−5 3 ) < n and λ 1 
) is the largest root of e(x) = 0, we have e(n) > 0. Combining e(λ 1 (P 1,l 2 ,l 3 3 )) < 0 with e(n) > 0, it follows that the equation e(x) = 0 has a root a ∈ (λ 1 (P
(l 2 / = 0) and T S 4 n , P 1,n−6,2 3
, P 1,1,n−5 3
, we have λ 1 (P 1,1,n−5 3
) > λ 1 (T ) (by ( * )). This completes the proof of the Lemma 2.10.
By a similar argument to that in the proof of Lemma 2.10, we have the following result. } and n 9. Then λ 1 (T )
), where λ 1 (P
and equality holds if and only if
Lemma 2.12
(1) λ 1 (P
) for n 10.
Proof. (1) By an elementary calculation, we have
So we have
By (S2) and (S3), we have
where Comparing f (x) and h(x), we have
Note that 5x 2 + (16
)) < 0 by (S7). By a similar argument as that in case 3 of Lemma 2.10 ( * ), we have f (n) > 0 and λ 1 (P
)) < 0 with f (n) > 0 and noting that λ 1 (P
) is the largest root of f (x) = 0, we have, λ 1 (P
where ) < n.
)) < 0 with h(n) > 0 and noting that λ 1 (P
) is the largest root of h(x) = 0, we have λ 1 (P
) for n 7. If T ∈ T 1 n \ {S 2 n , S 3 n }, by Lemma 2.6, we have λ 1 (P 3,n−5 2
